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Introduction
Let G = (V, E) be a finite, undirected, simple graph. Each vertex v of G dominates itself and every vertex adjacent to v, i.e., all vertices in its closed neighborhood. A subset of vertices of G is a dominating set if N [S] = V (i.e., S dominates G), and every vertex of S is called a dominator. The domination number γ(G) is the minimum cardinality of a dominating set of G, and a dominating set of minimum cardinality is called a γ(G)-set [2] . Let S be a dominating set, we say that a vertex u is privately dominated by a vertex v ∈ S (respectively, a subset S ⊆ S) if N[u] ∩ S = {v} (respectively, N[u] ∩ S ⊆ S ). We use Pr(S ) to denote the set of vertices that are privately dominated by S ⊆ S. For a more thorough treatment of domination parameters and for terminology not presented here, see [2, 3] .
For each odd integer n = 2k + 1 ≥ 3, where k is a positive integer, the generalized Petersen graph G(n) is the graph with vertex set O ∪ I, where O = {O i | 1 ≤ i ≤ n} and I = {I i | 1 ≤ i ≤ n}, and edge set E 1 ∪ E 2 ∪ E 3 , where
Here all the subscripts are to be read as integers modulo n.
In [1] , Behzad, Behzad and Praeger proposed two novel procedures that between them produce both upper and lower bounds on the domination number of the generalized Petersen graph G(n). In particular, they obtained the following result.
Theorem 1 ([1]). For each odd integer
, and moreover
Behzad, Behzad and Praeger [1] also conjectured that the upper bound 3n 5 in Theorem 1 is the exact domination number of the generalized Petersen graph G(n).
Our aim in this paper is to prove this conjecture.
Main results
Motivated by Behzad, Behzad and Praeger's method, we first give an algorithm which constructs from G(n) a smaller generalized Petersen graph G(n − 10).
Algorithm 1.
INPUT:
OUTPUT: a graph G with 2(n − 10) vertices. step 1. Choose i such that 1 ≤ i ≤ k, delete the two subsets of vertices
along with their 39 incident edges and denote the resulting graph by G .
step 2. Add four new vertices
, and define the graph G to have vertex set
Return G . Fig. 1 gives an illustration for Algorithm 1 when i = 1. The deleted part of the graph in Fig. 1 can be re-depicted in Fig. 2 .
Lemma 2.
For each odd integer n ≥ 17, the graph G returned by Algorithm 1 is isomorphic to G(n − 10).
Proof. It is clear that |V(G )| = 2(n − 10) and |E(G )| = 3(n − 10). Relabel the vertices of G as follows. For the chosen index i in step 1, set
for each j such that 1 ≤ j < i, set
Then we get the sets
) was defined to be O ∪ I with |O| = |I| = n − 10, and the bijection f :
, maintains adjacency and nonadjacency, the result follows immediately.
For a small odd integer n, it may not be too hard to count γ(G(n)) (for example, in [1] the authors showed that γ(G(3)) = 2, γ(G(5)) = 3, γ(G(7)) = 5). The following lemma shows that γ(G(n)) = 3n 5 is true for a small odd integer n.
Lemma 3. Let n be an odd integer such that
Proof. From the discussion above, we still need to consider the remaining cases n = 9, 11, 13 and 15. We only give the argument for case n = 15, since arguments for other cases are similar. Consider the generalized Petersen graph G(15) with
Note that G(15) is 3-regular, each vertex in S dominates at most four vertices (including itself), we have 4|S| ≥ |V(G(15))| = 30, which implies that |S| ≥ 8 (|S| is an integer). From Theorem 1, we have |S| = γ(G(15)) ≤ Next we give an upper bound for γ(G(n)) in terms of γ(G(n + 10)), upon which our main result is based. The proof is just a clumsy and boring case analysis. 
Lemma 4. Let n be an odd integer such that
Proof. From Lemma 3, the result holds for n = 3 and n = 5. Suppose that n = 2k + 1 ≥ 7. To keep the notation in line with that of Algorithm 1, we may further assume that n = 2k + 1 ≥ 17, and show γ(
Let G be the graph returned by Algorithm 1 with the index i = 1, then G ∼ = G(n − 10). We will identify V(G(n − 10))
Let G be the subgraph of G spanned by V(G) \ T, then G is also a subgraph of V(G(n − 10)), and the subset S :=
We consider the following several cases.
Since S dominates all vertices, except possibly vertices in R in V(G ), and T dominates R ∪ T (see Fig. 1 ), S ∪ T forms a dominating set of G . Thus, γ(G(n − 10)) = γ(G ) ≤ |S ∪ T | ≤ γ(G(n)) − 6, the result follows.
Case 2. |S ∩ T| = 9. If there exists at least one element of Q, say X, such that X∩Pr(S∩T) = ∅ (i.e., X is dominated by S in G), let x ∈ T be adjacent to some vertex of X in G . Then S dominates all vertices, except possibly vertices in R \ X in V(G ), and T − {x} dominates (R \ X) ∪ T (see Fig. 1 ). Consequently, S ∪ (T − {x}) dominates G , and we have γ(
From now on, in each figure a vertex ⊗ indicates a dominator of S and a vertex that is already dominated by some dominator.
is privately dominated by O 1 , O 7 is privately dominated by O 6 , I 2k+1 is privately dominated by I k+1 , and so on. see Fig. 1 ).
e. vertices contained in the closed dashed curve in Fig. 4(1) ). Note that G[Z] contains two 5-cycles which share a common edge I 3 I k+4 (see Fig. 4 (1)), to dominate the eight vertices on the two 5-cycles, S must contain at least either three vertices (if and only if the three dominators are all on the two 5-cycles) or four vertices (when at least one of the four dominators is not on the two 5-cycles), if it is the former situation, both I 5 and I k+2 are at distance two from the two 5-cycles and therefore need to be dominated by other dominators. Thus the vertices in Z cannot be dominated by three or fewer vertices of T \ A = N[Z], which contradicts the assumption that |S ∩ T| = 9.
Throughout the proof, we will always use 'Z' to denote the subset of vertices contained in the closed dashed curve in each corresponding figure. For the convenience of description, when we say that Z cannot be dominated by l or fewer vertices of N[Z], we will omit the formal explanation (since one can enumerate all subsets of cardinality of l of N [Z] and verify that none of them can dominate Z). Fig. 1 ) and we have γ( Fig. 1 ) and we have γ( Fig. 4(2) ). So this case does not happen. Fig. 4(3) ).
Thus this case does not occur.
Case 3. |S ∩ T| = 8. If for each element X ∈ Q, X ∩ Pr(S ∩ T) = ∅, let y and y be any two vertices of T . If there exists exactly one element X ∈ Q, such that X ∩ Pr(S ∩ T) = ∅, let y ∈ T be adjacent to some vertex of X in G and y ∈ T be not adjacent to y in G . Then S ∪ {y, y } dominates G , and we have γ(G(n − 10)) = γ(G ) ≤ |S ∪ {y, y }| = γ(G(n)) − 6.
Assume now that |{X | X ∈ Q, X ∩ Pr(S ∩ T) = ∅}| ≥ 2. Consider the following subcases. Subcase 3.1. There are exactly two elements X,Y ∈ Q such that X∩Pr(S∩T) = ∅ and Y ∩Pr(S∩T) = ∅. If X∪Y = {I 2k+1 }∪{I k+7 }, Fig. 4(4) ). This case does not happen.
G , the result follows. Suppose that O k ∈ S and I 2k+1 ∈ S, then the Z region cannot be dominated by six or fewer vertices (see Fig. 4(5) ). This case does not happen.
region cannot be dominated by six or fewer vertices (see Fig. 5(1) ). This case does not happen. Fig. 4(1) ) cannot be dominated by three or fewer vertices from T \ A. By symmetry, we consider only the following two subcases.
then the Z region cannot be dominated by four or fewer vertices (see Fig. 5(2) ).
then the Z region cannot be dominated by five or fewer vertices (see Fig. 5(3) ).
If R ∩ Pr(S ∩ T) = {I 2k+1 } ∪ {I k+7 } ∪ {O 7 }, then the Z region cannot be dominated by five or fewer vertices (see Fig. 5(4) ). Fig. 6(3) ).
In each situation, the Z region cannot be dominated by four or fewer vertices.
If |R ∩ Pr(S ∩ T)| = 3, we have ( Fig. 7(1) ).
In each of above three circumstances, the Z region cannot be dominated by five or fewer vertices.
}, then S dominates G and the result follows.
Assume that I 2k+1 ∈ S, the Z region cannot be dominated by five or fewer vertices (see Fig. 7(2) ). 
} cannot be dominated by four or fewer vertices (see Fig. 4(1) ). Which is a contradiction. If at least one of I k+7 and I 2k+1 , say I k+7 , lies in Pr(S ∩ T), by symmetry we consider only the following five possibilities: Fig. 8(1) ).
In each of above four circumstances, the Z region cannot be dominated by five or fewer vertices.
and {O 2k+1 , O 7 } ∩ S = ∅, S = S ∪ {I k+7 } dominates G , and the result follows. Otherwise, each of the three conditions O k ∈ S, I 2k+1 ∈ S and {O 2k+1 , O 7 } ∩ S = ∅ may lead to a contradiction. Let Z be the vertices contained in the closed dashed curve in Fig. 8(2) .
(when {O 2k+1 , O 7 } ∩ S = ∅) cannot be dominated by five or fewer vertices.
If both I k+7 and I 2k+1 are not in Pr(S ∩ T), by symmetry we consider only the following four possibilities: Fig. 8(3) Fig. 8(4) Fig. 8(5) ).
In each of above four circumstances, the Z region cannot be dominated by five or fewer vertices. By symmetry we consider only the following three possibilities:
} dominates G and the result follows. Otherwise either S ∩ {I k+7 } = ∅ (see Fig. 9(1) ) or S ∩ {O 2k+1 , O 7 } = ∅ (see Fig. 9(2) ) will mean that the Z region cannot be dominated by six or less vertices.
(2) O k+7 ∈ Pr(S ∩ T). If each of the three subsets of {O k }, {I 2k+1 } and {O 2k+1 , O 7 } has a nonempty intersection with S, S = S ∪ {I k+7 } dominates G and the result follows. Otherwise, each of the three conditions {O k } ∩ S = ∅ (see Fig. 9(3) ), Fig. 9(4) ) and {O 2k+1 , O 7 } ∩ S = ∅ (see Fig. 9(5) ) will lead to a contradiction.
(3) I k+7 ∈ Pr(S ∩ T). If O k ∈ S, then S = S ∪ {I 1 } dominates G and the result follows. Otherwise, the condition O k ∈ S will mean the that Z region cannot be dominated by six or fewer vertices (see Fig. 10(1) ).
, O 7 } = ∅) let S = S ∪ {I 1 } (respectively, S = S ∪ {I k−4 }). Then S dominates G and the result follows.
Suppose that S ∩ {O k+7 , O k } = ∅ and S ∩ {O 2k+1 , O 7 } = ∅. Then it may reach a contradiction no matter which one of the following four possibilities occurs: (1) I k+7 ∈ S and I 2k+1 ∈ S; (2) I k+7 ∈ S and I 2k+1 ∈ S; (3) I k+7 ∈ S and I 2k+1 ∈ S; (4) I k+7 ∈ S and I 2k+1 ∈ S. (The Z region in Fig. 10(2) cannot be dominated by seven or fewer vertices.)
Case 5. |S ∩ T| = 6. If every element in Q has a nonempty intersection with S, then S = S dominates G , and the result follows. Otherwise, either {I k+7 } ∩ Pr(S ∩ T) = ∅ (see Fig. 10(3) ) or {O k+7 , O k } ∩ Pr(S ∩ T) = ∅ (see Fig. 10(4) ) may lead to a contradiction, since in any case the Z region cannot be dominated by six or fewer vertices.
Case 5. |S ∩ T| ≤ 5.
This case does not happen, since even if all vertices of R lie in S, the Z region (see Fig. 10(5) ) cannot be dominated by five or fewer vertices. Hence we get a graph G(n − 10) ∈ Ω with smaller order, which contradicts the choice of G(n). Therefore we conclude that Ω = ∅, and the result holds.
